The method for discretization of analogue systems using the α-approximation is presented. A generalization of some of the existing transformation methods is also done. A comparative analysis, through the corresponding examples involving several known discretization methods, is carried out. It is demonstrated that the application of this α-approximation allows the reduction of discretization error compared to other approximation methods. The frequency characteristics of the discrete system obtained by these transformations are approximately equal to these of the original analogue system in the basic frequency range.
Introduction
The design of a classical analogue system in combination with a digital system often requires formulation of a discrete model or a discrete equivalent. This can be done either by employing the method of invariable response to a pulse or step excitation or by a method involving hold circuits or by a series of other approximate methods. The procedure of transformation of a continuous transfer function to a digital equivalent (pulse transfer function) should preserve the essential properties of the analogue system. First of all, the transformation has to be rational, i.e., starting from an analogue transfer function, which is a real rational function of the complex frequency s one should obtain a rational function of the complex variable z. Secondly, for the purpose of preserving stability of the system, the poles of the analogue transfer function lying in the left half of the s-plane have to be mapped inside the unit circle centered at the origin of the z-plane. Thirdly, it is desirable that the transformation does not increase the order of the transfer function, that the steady state gains are equal, etc. In the process of discretization of a continuous system, one can use the well-known mapping of the s-domain into z-domain by substitution z ¡ e s T (1) where T is the sampling period. Transformation (1) maps the left half of the s-plane into the interior of the unit circle in the z-plane. This means that the stability of the discrete system has been preserved if all poles of the discrete system are inside the unit circle.
One of the basic goals of discretization is fulfilling the need for practical realizations of, e.g., adequate control laws or some other digital systems focused at the goal that the digital equivalent is as close as possible to the corresponding continuous system. For example, the synthesis of digital filters of IIR type is most often carried out by an appropriate transformation of the transfer function of the corresponding analogue filter. This approach to the synthesis procedure is justified by several reasons. First of all, the procedure of synthesis of analogue filters (particularly low frequency filters) has been studied for more than sixty years so that there are developed procedures for many important practical situations.
The paper is divided into four sections including the introduction and conclusions. The second section presents a brief review of the basic discretization methods of the classic analogue systems. The third section presents the novel method for discretization of continuous systems together with a comparative analysis through the corresponding examples of several other known methods for discretization of such systems.
A brief review of the basic discretization methods
The basic definition of the pulse transfer function is
where Z and L 1 are the operators representing the Z-transform and inverse Laplace transform, respectively. The pulse transfer function H
Notice that from (2) one can formally obtain G ¢ z£ by substitution s
is the Laplace transform of the pulse sequence g)
The above described transformations (2), (4), and (5) are direct and they allow transformation of transfer function G ¢ s£ of a continuous system to a zero-hold equivalent pulse transfer function [1] , [2] . It should be noticed that besides these direct discretization methods there are also indirect discetization methods which are approximate and are based to a transformation of the type s
where f ¢ z£ is the corresponding real rational function of complex variable z obtained on the basis of relation (1) .
For the purpose of discretization of an analogue system, the use is often made of the so called method of matching poles and zeros (MPZ) [3] .
It is shown [4] that when G ¢ s£ =1/s n , then
where B n ¢ z£ are given for several values of n 9 N. [4] , [5] , [6] .
α-approximation
Starting from basic relation (1), the following equivalent relation can be written
After the numerator and denominator on the right hand side of (9) have been expanded in series and all member of the second and higher orders neglected, expression (9) becomes
By solving (10) for complex variable s, the α-approximation of first order is obtained s
Parameter α can be obtained by a physical explanation ( Fig. 1 ) in the sense of a continuous increase of the part of the surface of the basic rectangle of integration sum, in particular from the surface of the basic rectangle of the lower integration sum to the surface of the basic rectangle of the upper integration sum. This enables the possibility of vertical modification of Z-transform such as, e.g., modified Ztransform along time axis. Generally speaking, direct application of the first order α-approximation for the purpose of discretization of continuous systems should , which has been introduced and analyzed [7] with respect to other approximations, corresponds to the α-approximation for α ¡ 7! 8. This shows that the α-approximation, depending on the value of α, unifies a number of the approximation, some of them are presented in Table 1 . In other words, the α-approximation can offer an additional degree of freedom in the course of an efficient discretization of a particular analogue system.
The efficiency of the α-approximation may be looked at on the basis of the following equation:
This means that a separate parameter α k
, n is attached to each integrator 1/s offering a considerable degree of freedom in achieving efficient discretiza-
Mapping of the left half of the s-plane applying the α-approximation first order to a circle of radius R centered at C in the z-plane Table 1 . Generalization of some known transformations for discretization of analogue systems [8] , [9] , [10] , [11] , [12] 
Determine discrete transfer function G ¢ z£ by using previously introduced standard approximations, given in Table 1 , and make a comparison with the α-approximation given in the same 
The α-approximation of discretization will be illustrated by the above example and compared to the results obtained by (a 1 £ to (a 4 £ . By applying direct α-approximation of the first order (11) to relation (13), one obtains discrete transfer function Step response of the system in the continuous and discrete domains for GQ sR and G α Q z It can be seen that, with the α-approximation of first order, it is possible to make corrections of the amplitude and phase errors depending on the values of parameters α and T of the second order system which is most often met in practice. If a priory discretization period T is fixed, there remains parameter α available for optimization of the discrete transfer function in accordance with the practical need important for achieving minimum errors in the phase and amplitude frequency characteristics.
E.g., for the analogue system (13), by relation (12) directly and by specifying discretization time T , the discretized analogue system becomes Step response of the system in the continuous and discrete domains for GQ sR and G α1h α2
On the basis of the presented step responses in the continuous and discrete domains, it is straightforward to notice that errors of the approximation relations of Table 2 and of the α-approximation of the first order in this example are smaller compared to those of the classical approximations of Table 1 for α 9 H i 0, 0.5, 1p . Let us verify numerically these results and present them in Table 2 by using the following integral criterion of the squared error for each cell over the interval of observation in all previous examples, a 1 £ to a 5 £ , with reference to the exact value.
where: g N-number of cells in the interval of observation. By using frequency characteristic given in Fig. 8 , one can notice the advantageous merits of the α-approximation for discretization of analogue systems which gave characteristic a 5 in example a 1 
Example 2. Let be given a transfer function describing stationary oscillations
Determine pulse transfer function G ¢ z£ , comprising the zero-order hold circuit, by using previously introduced standard approximations given in Table 1 and make a comparison with the α-approximation given in the same table. (12) and taking that T =1, one obtains zero-hold equivalence pulse transfer function
Let us determine such α 0 , α 1 and α 2 so that poles z k of discrete transfer function G α1U α2 
(25) Fig. 9 shows step response of G Step response of the system in continuous and discrete domains for GQ sR and G
By using directly α-approximation with T =1, one obtains pulse transfer function
which is stable for parameter α x 0.5. This implies all α-transformations covered by the set of values 0.5 α 1 where also belong the Tustin and Euler transformations of second order. If it is assumed that the corresponding roots of the characteristic equation are at the boundary of stability in both discrete and continuous systems, it follows that α ¡ 0P 5 (Tustin's approximation), i.e., the discrete transfer function is 
¥
0 30¦ corresponds to the relative error of less than 3 % with respect to the exact value. The maximum error obtained in this example, applying the α-approximation for α ¡ 0P 5 (Tustin's approximation for the same interval of observation), is ε ¡ 1P 0001. This error arises as a consequence of the phase delay brought about by the Tustin approximation. It can be best shown by using frequency diagrams shown in Fig. 11 . 
Conclusion
For the purpose of discretization of continuous systems depending on their purpose, a series of approximation methods has been developed. A generalization of some of the existing approximations for discretization (α-approximation) of analogue systems has been carried out. This paper has presented α-approximation offering more efficient discretization of analogue systems. The application of this α-aproximation has also some practical implications, e.g., in the synthesis of IIR filters for digital signal processing it allows modular solutions.
